This study investigates the synchronization between stock markets in different countries. International stock markets tend to synchronize with one another in what appears to be an international financial cycle, yet trade and capital flows between the stock markets do not appear to be strong enough for one stock market to "drive" fluctuations in another stock market. Why are these weakly linked financial markets synchronized? This study suggests that global stock market synchronization results from a "mode-locking" phenomenon, a nonlinear process in which even a weak coupling between oscillating systems like stock markets tends to synchronize the fluctuations between the systems. Simulations, econometric analysis, and spectral analysis investigate this mode-locking hypothesis. Analysis reveals modest support for the mode-locking hypothesis of international stock market synchronization.
Introduction
Observing the graphs of the major national stock markets, one is struck by their tendency to synchronize. In this study we investigate the mechanism behind the synchronization of fluctuations in different national stock markets. Why do the stock markets of different countries tend to synchronize? The linkages between them include trade linkages, financial linkages and common expectations. But these stock markets are not directly linked via some accounting or mechanical mechanism. The linkages between these stock markets are not rigid, but are variable, multi-channeled, indirect, weak, nonlinear, complex, and subject to stochastic shocks. Under the circumstances, it is not clear how one stock market might drive another. So the main question addressed here is, how can such multi-channeled, indirect, flexible, weak, and unpredictable linkages cause international stock markets to synchronize? One answer is that the non-linear "mode-locking" phenomenon can cause international stock markets to synchronize, even if the linkages between the markets are relatively weak. In addition, we note that international herd behavior, such as found in financial markets, can give rise to a mode-locking mechanism and bring about synchronization between markets, as shown by Sussmuth (2002 Sussmuth ( , 2003 . The question is an important question because a synchronization of stock market returns can diminish the benefits of international financial diversification.
The linkages between stock markets are quite complex. There are several potential channels for linkage: Trade linkages between countries can serve as one of the channels through which shocks might be transmitted from market to market. World-wide periods of investor optimism or pessimism may synchronize the markets in what some call a "contagion" effect. Common global shocks due to important world events, such as an oil shock or war might tend to bring about synchronization. Capital flows from one country to another in the form of foreign investment might help cause synchronization.
We do not here attempt to determine the precise transmission channels. The question addressed here is, how can weak and variable linkages cause international stock markets to synchronize? We propose the hypothesis that the various stock markets of the world economy are synchronized through a nonlinear "mode-locking" effect in which the cycles of different stock markets are synchronized through the relatively weak linkages between the stock markets. In this model, a dominant stock market does not have to "drive" the cycles in another stock market. The linkages between stock markets merely have to be strong enough to affect the timing of movements in other markets. In the mode-locking phenomenon, if the linkage is strong enough, the cycles of the various stock markets are quickly brought into synchronization with each other. If the stock markets are too weakly linked, then the two stock markets will continue to fluctuate in an unsynchronized fashion. However, if the linkage exceeds a certain threshold value, then the nonlinear mutual self-correcting properties of the stock markets engage, and the two (or more) stock markets will tend to synchronize. This is called a state of "mode-lock." This mode-locking may occur even if the original inherent frequencies of the fluctuations in the two stock markets are different and even if the markets are subject to a great deal of noise and strong random shocks. (Note 1) The assumptions behind mode-locking include the existence of some periodic deterministic components in the markets (even with strong stochastic components), the presence of some nonlinearities, and a strength of linkage exceeding some threshold value (which can be quite weak).
In this paper we present a mathematical model of mode-locking and use it to illustrate and simulate the mode-locking phenomenon. We systematically examine the returns from various stock markets around the world and test them statistically for the assumptions and implications of the mode-locking phenomenon. In our analysis we find modest evidence in favor of the mode-locking explanation of international stock market synchronization. Using graphs and correlations we find a significant amount of comovement between certain stock markets. We find some evidence of Granger causality between certain markets. The research of Canova and De Nicolo (1995) , Fama (1981 Fama ( , 1990 , and others provides evidence of deterministic components in the stock market returns. A set of F-tests supplies evidence for the presence of nonlinearities in the stock market returns. Using spectral analysis we find evidence of periodicity existing in the stock markets and similarity in modal frequencies. And finally, using cross-spectral analysis we find evidence of a convergence of certain stock markets on common frequencies. We build our case for the existence of mode-locking by observing, measuring, and testing a number of the assumptions and implications of mode-locking.
The paper is unique inasmuch as it is the first paper to apply the phenomenon of mode-locking to international stock markets and to point out how weak shocks between stock markets can bring about a synchronization of those markets. It is important because it can explain why international financial markets are increasingly synchronized.
Section 2 provides a literature review of the synchronization of international stock markets and a brief review of the mode-locking literature. Section 3 formalizes a simple model to illustrate the mode-locking mechanism. Section 4 demonstrates some simulations of the mode-locking mechanism. Section 5 reports the empirical evidence for mode-locking between different national stock markets, and Section 6 summarizes the findings.
Literature Review

Interdependence of International Stock Markets
There is a large literature examining the interdependence between stock markets around the world. There are several major empirical approaches to this synchronization of financial markets research. Most of the research uses some form of correlations and regressions in an attempt to measure the strength of stock market co-movements over time. One of the earliest studies was by Grubel (1968) who found that international stock markets were weakly correlated and that there are economic benefits to be gained from international portfolio diversification. Eun and Shim (1989) used VARs to find that stock market interdependence has increased over time and that the US market has a significant influence on other national stock markets. Karolyi and Stulz (1996) used correlations, instrumental variables, and GARCH models to analyze the relation between the prices of US stocks and the prices of Japanese stocks and found that the transmission between international markets is greatest in times of high market volatility, a conclusion that tends to support the contagion hypothesis. Bekaert, Harvey, and Ng (2005) used a world CAPM model to test for international contagion effects. They did not find evidence of contagion during the Mexican Crisis of 1994, but did find evidence of possible contagion during the Asian Crisis of 1998. Kizys and Pierdzioch (2009) constructed a time-varying parameter model of stock returns and found that macroeconomic shocks did not have a systematic effect on the international synchronization of stock markets. King and Wadhwani (1990) investigated the relationship between the New York and London stock markets and concluded that a rise in the inter-market correlation after the 1987 stock market crash was evidence of a contagion effect. However, Rigobon (2001, 2002) noted that high volatility naturally causes higher correlations, and when they corrected inter-market correlations for volatility, they found that the correlations were fairly constant over the sample period, thus providing evidence against the contagion hypothesis. 22 ISSN 1923 -4023 E-ISSN 1923 NAFTA agreement increased the correlations between the US and Mexican, and the Canadian and Mexican stock markets. Asgharian et al (2013) used a spatial form of the gravity model and found that spatial dependencies and proximity matter for stock market synchronization. Liu (2013) created a dynamic panel gravity model of stock market correlations and found that telephone and internet information capacity and industrial structure similarities can help explain the stock market synchronization. Forbes and Chinn (2004) decomposed stock market returns into global, industrial sector, and cross-country factors and found that direct international trade linkages are the most important mechanism for international financial transmission. This would suggest that national business cycles and trade in goods and services are partly behind the propensity for stock markets to synchronize. Lucey and Zhang (2010) employed a gravity model and found that culture matters and that the smaller the cultural distance between two countries, the closer their stock markets tend to correlate. Hamao, Masulis, and Ng (1990) , Karolyi and Stulz (1996) , and Ramchand and Susmel (1998) used a variety of GARCH models to measure the transmission of mean returns and volatility from one market to another, and these studies have found evidence of a significant international transmission of stock market volatility. Hu et al (1997) studied volatility spillovers in East Asia. Using a bivariate GARCH model, Berben and Jensen (2005) found that while international stock markets have become more correlated over time, no particular dominant industrial sectors were responsible for that increasing correlation. Granger and Morgenstern (1970) used cross-spectral analysis and found national stock markets to move independently over 1961 -1964 . But Hilliard (1979 used spectral and cross-spectral analysis over 1973 -1974 and found close linkages among stock markets around the world. Rua and Nunes (2009) examined stock market interdependence using wavelet analysis and found that the strength of the stock market correlations is stronger at lower frequencies.
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From all of this research there have emerged several main findings. There does appear to be a substantial amount of co-movement and synchronization between international stock markets. The synchronization appears to have increased over time. The US stock market appears to have a dominant influence upon stock markets around the world. Locational and regional effects are statistically significant at explaining much of the stock market co-movments. Cultural similarity, industrial similarity, and telecom capacity also explain part of the synchronization.
Research using GARCH models reveals a significant amount of transmission of stock market volatility between international stock markets. Countries with strong trading relationships tend to show more co-movement between their stock markets. However, none of these studies explains why these relatively weak and indirect linkages are sufficient to bring about synchronization between stock markets around the world.
The Mode-Locking Phenomenon
In nonlinear dynamics, the classical illustration of mode-locking is the story of the Dutch physicist, Christiaan Huygens' (1629 -1695) collection of pendulum clocks which hung side by side on a beam in his room, but which were otherwise unconnected. (Note 2) Initially the pendulum clocks oscillated at similar but not identical frequencies and were not synchronized. However, due to the very weak vibrations transmitted from clock to clock through the beam, after a period the clocks tended to lock into synchronization with each other. This phenomenon occurred even though the two clocks were extremely weakly linked and the inherent frequencies of the clock pendulums were somewhat different. Although neither clock necessarily drives the other, they may transmit weak but just strong enough impulses from one clock to another that affect the timing of the clocks, and bring about synchronization. The mode-lock may drive the pendulums to synchronize exactly in phase or with a small phase difference or timing lag. This phenomenon may also describe the interaction between the fluctuations of different national stock markets.
"Mode-locking" is a nonlinear phenomenon in which very weak linkages between oscillating systems can bring about a synchronization of those systems. The phenomenon is not widely known in economics, and the literature on mode-locking in economics is still fairly modest. Strogatz (1994 Strogatz ( , 2003 provides a good background and a detailed explanation of the phenomenon. The earliest applications of the mode-locking phenomenon to economics appear in papers by , , Weser (1992) , and Woitek (1996) . Krugman (1996) suggested the application of mode-locking to business cycle synchronization, and a number of people have applied the concept of mode-locking to international business cycle synchronization, including Selover and Jensen (1999) , Sussmuth (2002) , Anderson and Ramsey (2002) , and Sussmuth and Woitek (2004) , among others. Kroll (2003, 2005) and Sussmuth and Woitek (2005) have shown how mode-locking can enforce the synchronization of industrial sectors and regions. Scharfstein and Stein (1990) suggested "herd behavior" in stock markets might cause financial investors' decisions to be more correlated. Significantly, Sussmuth (2002 
The Model
Mode-locking is a synchronization phenomenon in which two or more weakly linked oscillators (in this case stock markets) with different inherent frequencies can lock-on to one another and move into synchronization at a compromise frequency usually between the inherent frequencies of the two systems. If the coupling between the two oscillators exceeds a certain modest threshold, a qualitative switch occurs, the system mode-locks, and the oscillators synchronize. If the linkage is weaker than the threshold, there is no mode-lock and no synchronization. When mode-locking occurs there is a continuous adjusting force that tends to pull the two signals into synchronization at a common frequency, usually with a slight lag or phase difference.
What makes this model compelling is three things. First, it is important to note that the mode-locking phenomenon is ubiquitous and is responsible for much of the synchronization in the world around us. The mode-locking phenomenon is more common than we might think, and it is applicable to many phenomena, including the synchronization of mating fireflies (Strogatz (1994 (Strogatz ( , 2003 ), the synchronization of the movements of schools of fish, the mode-locking (or "phase-locking") of light waves in a laser, the synchronization of international business cycles, the coordination and synchronization of musicians in an orchestra, and numerous other examples. Second, it should be noted that mode-locking must occur under certain circumstances. If the systems of interest display some degree of deterministic periodic behavior, and if the linkages between the oscillating systems exceed certain modest thresholds, then mode-locking behavior must occur and the oscillators must tend to synchronize, (although possibly with a lag or phase difference). There must be some nonlinearities present in the system for mode-lock to occur. Thirdly, the model is appealing because it can be linked to herd behavior. Sussmuth (2002 Sussmuth ( , 2003 has shown that herding behavior can give rise to a mode-locking mechanism, thus giving a natural explanation for financial market synchronization.
There are many different possible mode-locking models. Selover and Jensen (1999) attempted to model international business cycle synchronization using a simple mode-locking model based on sine waves to illustrate the mode-locking phenomenon. The model produced a number of results including the operation of the mode-locking mechanism with weak linkages, which could operate under conditions of extreme noise, time-varying parameters, and external shocks. Simulations showed how the mode-locking mechanism could work under extremely irregular conditions like those in business cycles. However, the Selover and Jensen (1999) model was too regular and used sine functions, hard to justify in economics. The present model from Kroll (2003, 2005) eliminates some of those issues.
In this model we assume the existence of two stock markets and a transmission channel between the two. If stock market X enters a period of growth, it transmits some of that growth to stock market Y, providing a modest stimulus to market Y, slightly shifting the frequency and phase of stock market Y's fluctuations. This shifting persistently forces the two stock markets to converge upon a compromise frequency and synchronize with each other, but with a lag or phase differential. (Note 3) The pair is now in a state of mode-lock. The two stock markets are thus flexibly synchronized together as long as the two financial systems are linked via some transmission channel, and they will stay in sync until some idiosyncratic country shock pushes them out of sync. When the country-specific shock weakens, the mode-lock phenomenon again pulls them back into synchronization.
In this illustration we use the nonlinear "van der Pol oscillator" to simulate the individual stock markets of the economy. We are not suggesting that the stock markets are van der Pol processes. We simply use the van der Pol oscillator to illustrate the mode-locking phenomenon. In this example the van der Pol oscillator is analogous to a stock market, and we use it to demonstrate how the mode-locking phenomenon works to bring about the synchronization of different stock markets with weak linkages. (Note 4) We chose the van der Pol oscillator because it is simple and well-known. The van der Pol oscillator is based on a nonlinear second order differential equation model. It will represent the deterministic component of fluctuations in a stock market. The use of this example comes from Selover, Jensen, and Kroll (2005) .
The van der Pol oscillator consists of three terms: where  x the stock market index growth rate in terms of percent per period  m the inertial term provides a tendency of the market to keep on growing the nonlinear damping term; 'r' determines the speed of adjustment  k the restoring force term; restores the market to equilibrium at x = 0
The first term is the inertial term,
. This term ensures that the market will tend to continue to grow at its present rate until another force is introduced that changes that growth rate. The inertial term coefficient, m, is a measure of the tendency of a moving system to continue moving at its present rate.
The second term is the
nonlinear damping term. The non-linear form of this term is special to the van der Pol equation, and represents a type of friction, corresponding to economic or financial adjustment costs.
, x is re-stimulated, re-energizing the system. This is similar to when a market, reaching the bottom of its cycle, is stimulated by investors taking advantage of low prices. The nonlinear damping term leads to a self-sustained oscillation (a limit cycle) with no need for outside forces. The parameter r determines the strength and speed of adjustment.
The third term,
, is the restoring force that resists the motion that pushes x too far from its equilibrium point at x = 0. This is a flexible, spring-like restoring force, which can be thought of as coming from the market reacting to over-or under-supply. A stock market cannot move too far out of equilibrium without financial forces forcing it back into equilibrium. The constant k measures the strength of the restoring force. The oscillation is created from the interaction between the tendency for systems to remain in motion, ) ( ' ' t mx , and the restoring force, ) (t kx , that pushes the system back into equilibrium. The frequency of oscillation depends upon the restoring force constant k and the inertial parameter m: (Note 5)
Each national stock market, in isolation from other international stock markets, will tend, in a way similar to the van der Pol oscillator, to oscillate in an independent fashion according to its own inherent frequency. When we have two non-linear oscillators (stock markets) and link them via a transmission channel, we get mode-locking and a synchronization of the oscillations of one system to the other.
A van der Pol mode-locking system representing the coupling between two stock markets can be written as follows, with the linkages represented by the fourth terms in each equation: The h terms are the financial linkage parameters that couple the two markets together. These parameters need to be negative in order to force a positive impact from one oscillator to another. (Note 7) In reality these linkage channels may be due to linkages in trade in goods and services or in the transmission of information/expectations or in capital (2) (3) (4) flows between the two financial systems. While the mode-locking model we explore here incorporates only two stock markets, the mode-locking mechanism can operate between many different stock markets.
Simulations
A numerical simulation from Selover et al (2003 Selover et al ( , 2005 illustrates how the mode-locking phenomenon works, even under conditions of noise like those seen in financial markets. The coupled van der Pol oscillator system in equations 3 and 4 is easy to simulate numerically. (Note 8) The first simulation, in Figure 1 , shows the graphs of two unlinked oscillators (stock markets), without noise or exogenous shocks. The two "stock markets" have different starting values and different inherent frequencies. The fluctuations in the two unlinked stock markets do not synchronize, and the uncoupled processes move at different frequencies, and in and out of phase with each other. stronger linkages bring about a quicker transition into synchronization and a smaller phase differential. Larger inherent frequency differences make mode-locking more difficult to attain and require stronger linkages to attain mode-lock. Larger inherent frequency differentials also mean larger phase differentials between the two mode-locking cycles. The market with the higher inherent frequency will tend to lead, and the market with the lower inherent frequency will tend to follow. These simulations clearly demonstrate the mode-locking phenomenon, and show how stock markets can synchronize with each other even with relatively weak linkages. (Note 9) The mode-locking phenomenon works even in the presence of a great deal of noise and random shocks. When independent random noises are added into the two markets, we can still achieve mode-lock. Figure 3 shows the results of simulations with two oscillators of different inherent frequencies in which the linkage is below the mode-locking threshold. Consequently, the oscillators do not mode-lock and do not synchronize. At the bottom of Figure 3 we see the spectral plots of the two oscillators, and they are each centered at different frequencies, 34 cycles per period and 39 cycles per period respectively. Spectral Analysis Figure 4 shows the same noisy oscillators, but with a modest linkage between the two that exceeds the mode-locking threshold. The two oscillators dramatically mode-lock into synchronization and converge upon a compromise frequency. In the spectral plot at the bottom of Figure 4 we can see that the two spectral plots have converged on a compromise frequency. This simulation shows the ability of oscillator stock markets to mode-lock and synchronize even under conditions of extreme noise. This suggests that mode-locking is a plausible phenomenon which can force noisy oscillators, like financial markets, into synchronization.
Spectral Analysis 
Methods of Empirical Analysis
Here we present empirical evidence to support our claim of mode-locking between different stock markets in the global economy. This evidence includes the use of graphs, correlations, Granger causality tests, nonlinearity tests, spectral analysis, and cross-spectral analysis to illustrate the degree of co-movement and synchronization between different stock markets around the world. For this analysis we used the monthly growth rates of fourteen stock market indexes in the world economy over the period 1967.01 -2010.02, see the data appendix.
There is no definitive test for mode-locking. The best tests that exist are based upon testing both the assumptions and the implications of the mode-locking model. Granger causality tests are used to test for linkages between stock markets. We cite Canova and De Nicolo (1995) and Fama (1981 Fama ( , 1990 to provide evidence of deterministic relations between financial markets and the real economy. F-tests upon quadratic and cubic terms are used to test for nonlinearities. One of the implications of mode-locking between stock markets is that the mode-locking stock market fluctuations will tend to converge upon a "compromise frequency." Consequently, if different stock markets are mode-locking, their dominant frequencies should be equal, and this is examined through the use of spectral analysis and cross-spectral analysis. This is not a definitive test because other synchronizing mechanisms, such as common exogenous shocks, might also tend to produce equal dominant frequency fluctuations between different stock markets. In the future, perhaps statistical tests can be developed to distinguish mode-locking synchronization from other synchronization mechanisms.
Empirical Results
Time Series Graphs
Figures 5 and 6 display the logs of the monthly stock market indexes for fourteen national stock markets. What is remarkable about the graphs is the similarity of many of the graphs over the period 1967 -2010. Figure 5 presents the logged stock market indexes of the US, Germany, Spain, Canada, France, Japan, the UK, Italy, and Korea. Seven of the nine series are very similar, with two prominent common peaks in the years 2000-2001 and 2008 . In particular, the graphs for the US and the UK are especially similar, and are also similar to those of Germany, France, and Italy, followed by those of Spain and Canada. The graphs of France and Germany are especially similar, as are the graphs of Italy and Spain. In this group of developed countries we see a high degree of synchronization among stock markets. We see a degree of synchronization between the US and Canada, but less synchronization with Mexico (see Figure 6 ). There are some pronounced differences between the graphs of Japan and Korea, but several of the turning points are synchronized. There are some similarities among the stock indexes in the Latin American markets, especially after 1995. However, they were quite different from each other during 1980 to 1995, especially during the period of the Latin American debt crisis when there was much volatility in Argentina and Brazil. In some cases there is synchronization between stock markets and in some cases there is not, thus mode-locking is not occurring between all stock markets. 
Stationarity Tests and Correlations
We start the statistical analysis with tests of stationarity essential for the subsequent analysis. In Table 1 unit root tests (augmented Dickey-Fuller (ADF) tests) reveal all of the logged stock market indexes (except perhaps for Brazil) to be I(1) non-stationary. Therefore the detrending and subsequent analysis is done using the stationary first differences (the growth rates) of the logged stock indexes. The correlations between the monthly stock market growth rates, Table 2 , are relatively high, (r > .40), particularly among the US, Canada, the European countries, and Japan, and to a lesser extent, Mexico and Korea. These correlations indicate a great deal of synchronization among these stock markets. (Note 10) The South American countries, subject to many country-specific shocks, are markedly less correlated, both among themselves and with the other countries. .00** Correlation coefficient above, p-value below. * = sig at .05 level, ** = sig at .01 level.
Granger Causality Tests
Given this evidence of synchronization, we might ask, is this synchronization due to one market "driving" the others, or is there evidence of shocks being transmitted from one national stock market to another? In Table 3 , Granger causality tests (F-tests) (using two lags) between the different national stock market growth rates reveal a relatively modest amount of Granger causality from one market to another. The national stock markets along the left column of the table represent the independent variables or potential "causal" markets, while the markets across the top of each column are the dependent variables, or markets being "caused." The US market does appear to have moderate Granger causal effects on many of the other markets, a finding similar to those of other researchers. Perhaps echoing the effects of the US market, the Canadian and Mexican markets appear to Granger cause several other markets around the world. Other relations appear to be plausible, such as Granger causal effects of the French and Spanish markets showing significant effects upon the Italian stock market. In some cases there appear to be anomalous findings of causality, such as the Argentine stock market "Granger causing" the French stock market. However, in general, we find little other evidence of strong transmission effects from one market to another. Transmission effects F-statistics above, p-values below. * = sig at .05 level, ** = sig at .01 level.
Nonlinearity Test Results
One of the necessary conditions for mode-locking to occur is the existence of nonlinearities, either in the markets themselves or in the linkages. Scheinkman and LeBaron (1989) and others have found that stock market returns typically exhibit nonlinearities in their generating processes. Using a simple test for nonlinearities in the relationships between stock markets, nonlinearities were found in the stock market returns for some of the markets.
We used a simple test for quadratic and cubic nonlinearities in the domestic stock markets or in their linkages with other markets. Such nonlinearities can give rise to mode-locking and the consequent synchronization of the markets. We created a simple test for nonlinearities between two markets, X and Y by using an F-test upon the coefficients of some lagged nonlinear terms. We include both quadratic and cubic lagged terms so that we can allow for both symmetric and asymmetric effects. A rejection of the null hypothesis indicates the existence of significant nonlinear effects. : 0 6, , 13 : 0, 6, , 13 Several of the nonlinearities in the relationships were found to be statistically significant, and we concluded that the stock market returns in some of the markets exhibit nonlinearities in their generating or linkage processes. .007** F-statistics above, p-values below. * = sig at .05 level, ** = sig at .01 level.
The Spectral Shapes of the Growth Rates of the National Stock Market Indexes
One of the implications of mode-locking is that the different oscillators (stock markets) should converge on the same compromise frequency, even if their inherent frequencies in isolation would fluctuate at different frequencies. Thus, if the various stock market fluctuations are mode-locking, we should observe a convergence on the dominant frequency as reflected in their frequency spectra. We observe just such a convergence in several of the country pairs. In the spectral graphs we look first for the presence of a spike or dominant frequency (different from zero or one) for each market which would indicate the presence of some periodic behavior in stock market growth. Second, we are looking for similarities in the spectral shapes and dominant frequencies for the different stock markets. For example, we see similar spectral shapes between the stock markets in the US and Canada which peak at the frequency of about 0.4 (fluctuations of about 2.5 years in length). This evidence is supportive of the existence of mode-locking between the US and Canada. On the other hand, the spectral shape of Mexico (at the bottom) is quite different from the US and Canadian spectral shapes, without a common peak, suggesting that the Mexican market does not mode-lock with the US stock market. The spectral shapes of the UK, France, Germany, and Italy, and to a certain extent Spain, are similar with at least one local peak at around 0.4 (2.5 year cycles), suggesting a certain level of mode-locking with each other and with the US and Canada.
The spectral shapes of Japan and Korea (Figure 8 ) are surprisingly different, perhaps reflecting the very different directions of economic and financial policy. The spectral shapes of Argentina and Brazil are also very different, reflecting the very different economic and financial performance and problems of those two countries and a lack of mode-locking. 
Cross-Spectral Analysis
Figures 9, 10, and 11 report the results of cross-spectral analysis for selected pairs of countries. Each graph plots the "coherence" for a pair of countries over the frequency spectrum. For example, in the graph of coherence between the monthly stock price index growth rates of the US and Canada, the horizontal axis represents the frequency of the stock price growth rate fluctuations in terms of cycles per year, and the vertical axis represents the coherence between the two stock market growth rates at each different frequency. Coherence is analogous to a squared correlation coefficient (R 2 ) between the two stock index growth rates for each different frequency. Coherence can thus range from 0 to a perfect coherence of 1.0. A computed critical value for the estimated coherences is 0.532. Thus any coherence greater than 0.532 is considered statistically significant. (Note 16) The coherence between the US and Canada (Figure 9 ) is relatively high (0.92) with local peaks at the frequencies of 0.4, 0.5, and 0.8. This is evidence in support of mode-locking between the US and Canadian stock markets at these frequencies. We disregard the high coherence at the frequency of 1.0 because this is likely a spurious coherence due to seasonality. Figure 10 . Cross-spectra coherences of stock market growth rate pairs
In Figure 11 , we see the cross-spectra coherences between the UK and France, Italy, Germany, and Spain. For all four of these country pairs, the coherence is maximized around the frequencies of 0.8 to 1.0, with the UK-Germany Figure 12 displays some of the cross-spectra phase relationships. The US stock market leads the Canadian stock market some at business cycle frequencies. However, for certain frequencies the UK market slightly leads the US market. The US market leads the Mexican market by a substantial amount at most business cycle frequencies. The similarities in spectra and the strong cross-spectra coherences are supportive of the hypothesis of mode-locking between the stock markets. We have thus established the possibility of mode-locking and have shown that the data are moderately consistent with the mode-locking hypothesis of shock market synchronization.
Conclusions
One of the stylized facts of international stock markets is that the fluctuations of the major stock markets tend to synchronize with each other. However the trade, financial, and expectational linkages between such markets are multi-channeled, indirect, variable, weak, and subject to large random shocks. The question we address here is, why do the fluctuations of different financial markets tend to synchronize even if the linkages between them are weak?
In this paper we propose that international stock market synchronization arises through a "mode-locking" phenomenon between the stock price fluctuations of the different stock markets, operating through transmission channels, including mutual trade in goods and services, capital flows, possible expectational or contagion effects, the similarity of industrial structures, or investment fund packaging effects. Sussmuth (2002) has suggested that mode-locking and co-movement can arise from herd behavior, like that observed in financial markets. This mode-locking phenomenon helps explain the periodicity, the persistence, and the timing of the synchronization between international stock markets. More importantly, it explains why the synchronization takes place even if the linkages are weak. The mode-locking model may provide a transmission mechanism useful for explaining why international stock market synchronize.
We have demonstrated here a mathematical model of mode-locking between stock markets to illustrate how mode-locking can take place and to show how it can cause synchronization even with weak, variable linkages in a very noisy environment. We have demonstrated the model through simulation and have shown the ability of the model to synchronize markets under conditions of noise, random shocks, and time-varying parameters. Finally we have analyzed empirical global stock market data, using various statistical techniques, including spectral and cross-spectral analysis in order to test for the assumptions and implications of the mode-locking model. Looking at the time plot graphs, one is struck by the similarities in the movements of several of the major national stock markets. We see a relatively high degree of correlation between the growth rates of the stock market indexes of the US, Canadian, and European stock markets. The presence of linkages is revealed by Granger causality tests in which some of the markets, especially the US stock market, are shown to have causal effects on various of the other markets around the world. Nonlinearity tests show the presence of nonlinearities, a necessary condition for mode-locking synchronization to take place. Prior literature confirms the presence of deterministic processes within the stock market movements, also necessary for mode-locking. Finally, spectral and cross-spectral plots reveal a tendency toward a dominant frequency (periodicity) and a convergence of various stock markets upon a common frequency, characteristics typical of mode-locking. Thus we find that the US and European financial markets synchronize in a way consistent with the mode-locking hypothesis. This possibility of mode-locking means that even weak linkages may be sufficient to bring about a synchronization of stock markets, and that international stock markets may be increasingly synchronized. An increase in the synchronization of international stock markets implies that the benefits due to international investment diversification may be diminished in the future.
The mode-locking phenomenon may have other applications in economics, such as for examining the linkages between financial markets and the real economy.
